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Aim and Overview

Aim: Create a translation from extensional polymorphic
Higher-Order Logic to intensional polymorphic Higher Order Logic.

Overview:
1. What is a translation?
2. Finding a consistent polymorphic HOL.
3. My progress so far.
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What is a Translation?

Translations:
» Take formulas from one logic to a different logic
P The translation preserves validity

» The translation is non-trivial (if the translated formula is
provable, everything in its image is provable)

In symbols:
(=) : Fmlsg = Fmly (Translation)
lFgs=TI*F7s° (Preserves Validity)
IPhrs*=Tktss (Not Trivial)
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Finding a Consistent Polymorphic HOL

Problem: Girard's Paradox means that naively adding type
polymorphism renders the logic inconsistent [Geu07].

Solution: Use HOL2P [V6l07], a consistent higher-order logic with
type polymorphism, based on HOL Light [Har09].
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HOL Light

Types: o (propositions), ¢ (individuals), 71 = 72 (functions), «
(type variables)

Terms: x (variables), Ax. t (abstraction), fs (application), and
constants (e.g. = and ¢).

Rules:

refl, trans, mk-comb, abs, beta,
assm, eg-mp, deduct-antisym-rule,
inst, ty-inst,
eta-ax, select-ax, infinity-ax
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HOL Light

I'ts=t AFrt=u

efl trans
F}fs:sr F7A#S:U
I'ks=t Atu=v
mk-comb
IN'AkFsu=tv
(xnotin T') _Ths=t abs ————————— beta
IFAxs=Axt F(Ax.s) y = sly/«
assm
ptp
T'kEs=,t AFs 'kp Abrg .
——————— eqg-mp deduct-antisym-rule
ARt '-qgA-pkp=oq
I'kFs .
inst
F[tlvw'»tn/xlvwwxn}'_s[tla-"vtn/xlw-'vxn]
LFs ty-inst
L7, ... 7nfar,...,an) Fs[T, ..., Ta/on, ... an
— eta-ax select-ax
TH(xtx)=t Fpx— p(ex. px)
infinity-ax

F3(f: ¢=1).inj fA —onto f
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Functional Extensionality

Functional extensionality: abs (§) and eta-ex (1) [BBK04]

(x not in T) _LPEs=t  op ————— eta-ax
I'FAx.s=Axt FAx.sx=s
refl eta-ax —————— eta-ax
F(=)=(=) F(Ax.fx)=f Fxgx)=g Mkfx=gx
mk-comb* abs
F((Ax.fx) = (Ax.gx)) =0 (f=1g) 'k (Ax. fx) = (Ax. g x)
€q-mp
I'Ff=g

7/17



HOL2P

Extra Types: Ila. 7 (type polymorphism)
Extra Terms: Ac. s (type abstraction), s [:7] (type application)
Extra Rules:

tyapp, tyabs, tybeta

I'ks=t

Us 7] =t[7] tvapp

[hs=t tyabs tybeta
't (Aa.s) = (Aa.t) F (Aa.s) 7 =s[t/q]

How HOL2P deals with impredicativity: ranks.

8/17



HOL2P

Ranks

In HOL2P, types have ranks: 7 : r.
Two ranks: large (I) and small (s)

Type polymorphism quantifies over a small type, and produces a
large type:
(I(cv s 8).7) = [

This means we have a well founded induction principle for type
polymorphism.
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Translation of Terms

The translation of terms:

(=)® : Fmlg = Fmly
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Pseudo-Extensional Equality

Pseudo-extensional equality is defined by recursion on :

(Zp):B=B=o0

s=otEs=,t

s>, t2s=,t
forom 82 VXY X0 y— fX=,, 8y
S =a.r téza.g(a) — sla] =, t o]

s=qt (stuck)

Where Va. pis (Aa. p) = (Aa. True).
ty

11/17



Translation of Type Variables

E(a) is the assumptions:
Vissttu:a).s=t—t=u—s=u

and
V(s:a).s=s
and
V(s:a). (Ax.sx) = s)

Overloaded to terms: £(s) is the union of all £(«a) for free type
variables «v in s.
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Translation

I'ks

is translated to
E(),E(s), R(I), R(s), I'* I s*

R(s) is a set of formulas x = x for each free-var in s.
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Progress

refl, trans, mk-comb, abs, beta,
assm, eg-mp, deduct-antisym-rule,
inst, ty-inst
tyapp, tyabs, tybeta
eta-ax, select-ax, infinity-ax
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Progress

Rules which don't contain equality:

refl, trans, mk-comb, abs, beta,
assm, eq-mp, deduct-antisym-rule,
inst, ty-inst,
tyapp, tyabs, tybeta
eta-ax, select-ax, infinity-ax

14/17



Progress

Rules which only use propositional equality:

refl, trans, mk-comb, abs, beta,

inst, ty-inst,
tyapp, tyabs, tybeta
eta-ax, select-ax, infinity-ax
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Progress

| have proofs* of correct translation for:

inst, ty-inst,
tyapp, tyabs, tybeta,
eta—ax, select-ax, infinity-ax

* caveat: assuming some lemmas hold

14/17



Progress

Lemmas that | assume hold (yet to be proven):

If an object is ‘extensionally equatable’, it is in the extensional
domain.

xS ybExErx xS ybySry
(similar to a lemma from [Riz09])

I R(x) - p

xnot in I' or
( p) Tr o,

(also similar to a lemma from [Riz09])

Substitution of extensional variables under extensional equality:

u=, vk tlu/x] =, s[v/x]
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Plan

Thesis B

Thesis C

VVVYyVYVYVYY

Extend the translation to the polymorphic HOL
Give the Thesis B Presentation

Write the Thesis B Report

Finish the proofs of the extended translation
Give the Thesis Presentation

Write the Thesis Report

Extension: Formalise the translation in a
theorem prover
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